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5" 1 We introduce and develop the Model Theory of Metric Sheaves. A metric sheaf 

21 is defined on a topological space X such that each fiber is a metric model. We 
describe the construction of the generic model as the quotient space of the sheaf 
through an appropriate filter. Semantics in this model is completely controlled and 
understood by the forcing rules in the sheaf. 

•5 

1 — 1 1 Introduction 

m 

^ Ultraproducts and ultrapowers play an important role in model theory, ring theory, non- 

i-H standard analysis and other fields in the construction of objects with new properties 

(see for example Pestov [12], Robinson [13] and Schoutens [14]). The basic theorems 
of ultraproducts are a specific case of the more general phenomenon of model theoretic 
forcing. On the other hand, the logic of sheaves of structures harks back, in a rather 
t-h implicit way, to the work of Grothendieck [8] in his "Kansas Paper" of 1958. Explicit 

developments of the internal logic on topoi, and of the connections between model 
, ^ theoretic forcing and various logics on sheaves were successively developed during the 

^ decade of 1970 by Carson [4], Ellerman [5], Macintyre [10] and others. Specifically, 

Ellerman extracted a version of a "ultrastalk" theorem linking truth on a generic fiber 
with model theoretic forcing over open sets and Macintyre studied various model 
completions of theories of rings by means of specific constructions of sheaves of rings. 

Later, Caicedo[2] introduced in 1995 a more general way to construct models by 
generalizing the previous constructions to sheaves of first order structures over arbitrary 
topological spaces (with no Boolean constraints of any kind). In his work he both 
generalized the previous constructions (and versions of a Generic Model Theorem) due 
to Ellerman and Macintyre, and he distilled a substratum of the logic on topoi that has 
several direct applications to classical Model Theory. While other constructions made 
extensive use of the theory of topoi, Caicedo's presentation is substantially simpler, as 
it does not make explicit use of elements of category theory. Every model-theoretical 
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concept in these sheaves can be understood by means of the topological properties of the 
sheaf and an appropriate forcing relation. Both the fibers and the structures of sections 
are endowed in a natural way with classical structures, but Caicedo's construction 
provides the most natural way of dealing with model theoretic forcing, and ends up 
linking forcing over points and open sets of the topological space with classical truth 
on the "generic" structure. 

Sheaves of first order structures have been further investigated by Caicedo [3], Forero 
[7], Montoya [11] and the second author of this article (he has applied this approach to 
the study of sheaf-models of Set Theory and generalizing classical forcing over partially 
ordered sets to forcing over arbitrary topological spaces in constructing generic models 
- see [15]). 

In this paper we present a construction that takes these ideas to the realm of continuous 
logic. In brief, we construct sheaves of metric structures as understood and studied in 
the model theory developed by Ben Yaacov, Berenstein, Henson and Usvyatsov [1]. 
In the following, we assume that the reader is familiar with the results and concepts of 
metric model theory. 

Logical connectives in metric structures are continuous functions from [0, 1]" to [0, 1] 
and the supremum and innmum play the role of quantifiers. Semantics differs from 
that in classical structures by the fact that the satisfaction relation is defined on C- 
conditions rather than on £ -formulas, where £ is a metric signature. If 4>(x) and i/j(y) 
are /^-formulas, expressions of the form <p(x) < ip(y), <f)(x) < ip(y), <fi(x) > ip(y), 
4>(x) > ip(y) are /^-conditions. In addition, if and rp are sentences then we say that 
the condition is closed. 

One may argue that the set of connectives is too big. However, the set F = 
{0, 1,jc/2, — }, where and 1 are taken as constant functions, x/2 is the function 
taking half of its input and — is the truncated subtraction; is uniformly dense in the 
set of all connectives[l]. Thus, we can restric the set of connectives that we use in 
building formulas to the set F. These constitute the set of ^-restricted formulas. 

In section 2 we define the sheaf of metric structures, introduce pointwise and local 
forcing on sections and show how to define a metric space in some families of sections. 
In section 3 we show how to construct the metric generic model from a metric sheaf. 
We also show how the semantics of the generic model can be understood by the forcing 
relation and the topological properties of the base space of the sheaf. Finally, we 
illustrate some of our results by means of a simple example. 
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2 The Metric Sheaf and Forcing 

A topological sheaf over X is a pair (E, p) , where E is a topological space and p is 
a local homeomorphism from E into X. A section a is a function from an open set 
U of X to E such that p o a = ld\j . We say that the section is global if U = X. 
Sections are determined by their images, as p is their common continuous inverse 
function. Besides, images of sections form a basis for the topology of E. We will refer 
indistinctly to the image set of a section and the function itself. 

In what follows we assume that a metric language C is given and we omit the prefix C 
when talking about £ -formulas, £ -conditions and others. 

Definition 2.1 (Sheaf of metric structures) Let X be a topological space. A sheaf 
of metric structures 21 on X consists of: 

(1) A sheaf (E,p) over X. 

(2) For all x in X we associate a metric structure 

(21,, d) = (E x , {c k } x , A R . x ,A f . x ,d, [0, 1]) , 

where E x is the fiber p~ l (x) over x, and the following conditions hold: 

(a) (E x , d x ) is a complete, bounded metric space of diameter 1 . 

(b) For all i, Rf = \J xeX Rf x * s a continuous function according to the topol- 
ogy of [J xeX E x J . 

(c) For all j, the function = LL/f 1 : \} x ^x' ~~ ^ {J x ^x is a continuous 
function according to the topology of [j xeX • 

(d) For all k, the function cf : X — > E, given by cf(x) = cf x , is a continuous 
global section. 

(e) We define the premetric function d % by d^ = [j xeX d x : {J xeX £j — >• [0, 1], 
where J 21 is a continuous function according to the topology of Uxex ■ 

(f) For all i, Af. = M xeX {A^) with the condition that M xeX A^{e) > 
for all e > 0. 

(g) For all j, Af = ini xeX (A^ x ) with the condition that mf xeX A* x (e) > 
for all e > 0. 

(h) The set [0, 1] is a second sort and is provided with the usual metric. 

The space \J X E" has as open sets the image of sections given by (ai, . . . , a n ) = a\ x 
■ ■ ■ x o~ n n \J X E" . These are the sections of a sheaf over X with local homeomorphism 
p* defined by p*(ai(x), . . . ,a n (x)} = x. We drop the symbol * from our notation 
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when talking about this local homeomorphism but it must be clear that this local 
homeomorphism differs from the function p used in the definition of the topological 
sheaf. 

The induced function J 21 is not necessarily a metric nor a pseudometric. Thus, we 
cannot expect the sheaf just defined to be a metric structure, in the sense of continuous 
logic. Indeed, we want to build the local semantics on the sheaf so that for a given 
sentence <j>, if <j) is true at some i£X, then we can find a neighborhood U of x such 
that for every y in U, <p is also true. In order to accomplish this task, first note that 
semantics in continuous logic is not defined on formulas but on conditions. Since the 
truth of the condition "(f) < e" for e small can be thought as a good approximation to 
the notion of <p being true in a first order model, one may choose this as the condition 
to be forced in our metric sheaf. Therefore, for a given real number e G (0, 1), we 
consider conditions of the form <fi < e and <p > e. Our first result comes from 
investigating to what extent the truth in a fiber "spreads" onto the sheaf. 

Lemma 2.2 (Truth continuity in restricted cases) • Let e be a reai number, x G 
X, (j) an C -formula composed only of the logical metric connectives and the 
quantifier inf. If % x |= cf)(a(x)) < e, then there exists an open neighborhood U 
of x, such that for every y in U, % y |= (j)(a(y)) < e. 

• Let e be a real number, x G X, cf> an C -formula composed only of the logical 
metric connectives and the quantifier sup. If 21* |= 4>(a(x)) > e , then there exists 
an open neighborhood U of x, such that for every y in U, 2l y |= (fi(cr(y)) > e. 

Proof In atomic cases, use the fact that and R % are continuous with respect to the 
topology defined by sections. For logical connectives this is a simple consequence of 
the fact that every connective is a continuous function. Thus, a formula (j)(xi, ...,X2) 
constructed inductively only from connectives and atomic formulas is a composition 
of continuous functions and therefore continuous. If 2l x |= 4>(ai(x), . . . , a n (x)) < e, 
then p (((Ji, . . . , 02) n _1 [O, e)) is an open set in X satisfying the condition that for 
all y in it 2l y |= 4>{u\(y), a n (y)) < e. □ 

In particular, the above lemma is true for ^-restricted sentences. We may consider a 
different proof by induction using the density of the reals. This alternative approach 
provides a better setting to define the point-forcing relation on conditions. 

Definition 2.3 (Point Forcing) Given a metric sheaf 21 defined on some topological 
space X, and a real number e G (0, 1) we define the relation Ih^ on the set of conditions 
4> < e and <\> > e ((f) an £ -sentence) and for an element x G X by induction as follows 
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Atomic formulas 

21 \\- x d(ai,a 2 ) < £ <S=^ d x (ai(x), a 2 {x)) < e 
21 \\- x d(ai,a 2 ) > £ <S=^ d x (ai(x), a 2 (x)) > e 
21 h x R(a u ...,a n )<e <=^> R^(a { (x), . . . , a n (x)) < e 
21 \\- x R(a u ...,a n )>e ^=> R**(ai(x), a„(x)) > £ 
Logical connectives 

21 \\~ x max(</>, ip) < e <s=^ 21 \V X <p < e and 21 \V X tp < e 
21 \\- x max(0, ip) > £ <^=^ 21 11-* <f> > £ or 21 \\- x ib > e 
21 \\~ x min(0, ?/>) < e <^=^ 21 IK* < e or 21 lh x -0 < e 
21 IK min(0, V) > e <^=> 21 lh, <f> > £ and 21 \V X tp > £ 
21 \\- x 1-0 < e <^ 21 U-y (f) > \-£ 

21 \V X 1-0 > £ 21 \hy <j) < \~£ 

21 \\- x 4>— ip < £ One of the following holds: 

i) 21 \\- x <p < i> 

ii) 2l^0< ^and2l^0> V 

hi) 21 \V X 4> > ip and 21 Ih* <p> < ib + e 

• 21 \V X tp-ip > £ <^ 21 \\- x <f> > ip + £ 
Quantifiers 

• 21 1 \- x inf CT (f)(a) < £ <^=^ There exists a section \i such that 21 \V X 0(/x) < e. 

• S21 Ih-jc inf CT 0(<t) > e -4=>- There exists an open set [/ 3 x and a real 
number S x > such that for every y e U and every section defined on y, 

21 Ihy ^(/X) > £ + <5* 

• 21 1 \- x sup CT 0(cr) < e <^=^ There exists an open set U 3 x and a real number 5 X 
such that for every y G t/ and every section |U defined on y 21 lh y </>(//) < e — 5*. 

• 21 I h* sup CT 0((T) > e -4=>- There exists a section fi defined on x such that 

21 \\- x 0(/i) > £ 

The above definition and the previous lemma lead to the equivalence between 21 \\- x 
inf CT (l— (f>) > 1— £ and 21 Ih* sup CT 4> < £. In addition, we can state the truth continuity 
lemma for the forcing relation on sections as follows. 



Lemma 2.4 Let <f>(a) be an T — restricted formula. Then 
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(1) 21 \\- x <j)(a) < e iff there exists U open neighborhood of x in X such that 
21 U-y <p{a) < e for all ye U. 

(2) 21 lh x 4>(a) > e iff there exists U open neighborhood of x in X such that 
21 U- y <p(a) > £ for all ye U. 

We can also define the point-forcing relation for non-strict inequalities by 

• 21 lh x < e iff 2l^ x > e and 

• 2llK0>eiff2l^0<e, 

for J 7 — restricted formulas. This definition allows us to show the following proposition. 

Proposition 2.5 Let < e 1 < £ be real numbers. Then 

(1) If 21 U- x (f>(a) < e' then 21 \V X 4>(a) < e. 

(2) If 21 U- x (f>(a) > £ then 21 IK 4>(<r) > e' . 

Proof By induction on the complexity of formulas. □ 

The fact that sections may have different domains brings additional difficulties to 
the problem of defining a metric function with the triangle inequality holding for an 
arbitrary triple. However, we do not need to consider the whole set of sections of a 
sheaf but only those whose domain is in a filter of open sets (as will be evident in the 
construction of the "Metric Generic Model" below). One may consider a construction 
of such a metric by defining the ultraproduct and the ultralimit for an ultrafilter of open 
sets. However, the ultralimit may not be unique since E is not always a compact set in 
the topology defined by the set of sections. In fact, it would only be compact if every 
fiber were finite. Besides, it may not be the case that the ultraproduct is complete. 
Thus, we proceed in a different way by observing that a pseudometric can be defined 
for the set of sections with domain in a given filter. 

Lemma 2.6 Let ¥ be a filter of open sets. For all sections a and fi with domain in 
F , let the family = { U n dom(cr) n dom(/i) \U 6 F}. Notice that (j) ^ F CTM . Then 
the function 

Pf(a,n)= inf sup^(cr(x),^(x)) 
is a pseudometric in the set of sections a such that dom( cr) e F. 
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Proof We prove the triangle inequality. Let a\ , a 2 and a 3 be sections with domains 
in F, and let V be the intersection of their domains. Then it is true that 

sup d x (<ri(x), a 2 (x)) < sup d x (ai(x), a 3 (x)) + sup d x (a 3 (x), a 2 (x)), 
xev xev xev 

and since sup xgA /(x) < sup xgB /(x) whenever A C B, 



inf sup d x (ai(x), a 2 (x)) < inf sup d x {a\{x), a 3 (x)) + sup d x (a 3 (x), a 2 (x)) 
wew aicr2xeW wev a{a2 \ x ew xew 

Given e > 0, there exist W' and W" such that 

sup d x (ai(x), ct 3 (x)) < inf sup d x (ai(x), a 3 {x)) + e/2 

xew weF CT1 , CT3 x&w 

sup d x (v$(x), a 2 {x)) < inf sup d x {a 3 {x), a 2 {x)) + e/2. 

x£W" weF CT2 , CT3 xGW 

Therefore, 

sup d x (ai(x),a 3 (x))+ sup d x (a 3 (x), a 2 (x)) < 
x&wnw" x&wnw" 

inf supd x (ai(x),a 3 (x)) + inf sup (i x (o- 3 (x), cr 2 (x)) + e. 

weF CT1(T2 xeW we¥ a2lT3xeW 

Since W' n W" is in F CTl(72 and e was chosen arbitrarily, the triangle inequality holds 

for p%(a,n). □ 



In the following, whenever we talk about a filter F in X we will be considering a filter 
of open sets. For any pair of sections a, fi with domains in a filter, we define a ~f /jl 
if and only if pv(a, n) = 0. This is an equivalence relation, and the quotient space is 
therefore a metric space under df([a], [//]) = pw(o~, n). The quotient space provided 
with the metric d is the metric space associated with the filter F. If F is principal and 
the topology of the base space X is given by a metric, then the associated metric space 
of that filter is complete. In fact completeness is a trivial consequence of the fact that 
sections are continuous and bounded in the case of a a -complete filter (if X is a metric 
space). However, principal filters are not interesting from the semantic point of view 
and a -completeness might not hold for filters or even ultrafilters of open sets. The 
good news is that we can still guarantee completeness in certain kinds of ultrafilters. 

Theorem 2.7 Let 21 be a sheaf of metric structures defined over a regular topological 
space X. LetF be an ultrafilter of regular open sets. Then, the induced metric structure 
in the quotient space 2l[F] is complete under the induced metric. 

In order to prove this theorem we need to state a few useful lemmas. 
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Lemma 2.8 Let A and B be two regular open sets. If A \ B 7^ then int(A \ B) ^ . 

Proof If x £ A \ B and int{A \B) = 0, then x £ fi and A C B. Therefore 
A C int(fi) = B which is in contradiction to the initial hypothesis. □ 

Lemma 2.9 Let F be a filter and be a Cauchy sequence of sections according 
to the pseudometric pf with all of them defined in an open set U in F. Then 

(1) There exists a limit function /j,^ not necessarily continuous defined on U such 
that lim^oo p ¥ (cr n , Hoo) = 0. 

(2) If X is a regular topological space and int(im(/ioo)) ^ 0, there exists an open 
set V C U, such that fi^ \ V is continuous. 

Proof (1) This follows from the fact that {cr n (x)} is a Cauchy sequence in the 
complete metric space (E x ,d x ). Then let /Xoo(x) = lim^^oo a n (x) for each 
x G U. 

(2) Consider the set of points e in ^ such that there exists a section 77 defined 
in some open neighborhood U of x, with rj(x) = e and r\ C <7oo- Let V be 
the projection set in X of that set of points e. This is an open subset of U and 
/Xqo f V is a section. 

□ 

We can now prove Theorem 2.7. 

Proof Let {[cr m ]|m £ w} be a Cauchy sequence in the associated metric space of an 
ultrafilter of regular open sets F. If the limit exists, it is unique and the same for every 
subsequence. Thus, we define the subsequence {[//]|& £ ui} by making [//] equal 
to [a m ] for the minimum m such that for all n > m, d^ilcr" 1 ], [cr"]) < k~ l . Since 
dwilfJ' L [p k+l ]) < ^ 1 , for every pair (k, k + 1), there exists an open set Uk £ F, such 
that 

sup d x (fj, k (x),n k+1 (x)) < k~ l . 
xeu k 

Let W\ = U\ , W m = n£Lj Uk and define a function /j,^ on W\ as follows. 

• If x £ : \ Wfc+i for some k, let /UooOc) = /U (jc). 

• Otherwise, if x £ Wit for all k, we can take (J,oo(x) = hm^oo fj, k (x). 
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The function ^ might not be a section but, based on the above construction, one can 
find a suitable restriction cioo that is indeed a section but defined on a smaller domain. 
We show this by analyzing different cases. 

(1) If Wi = W k for all k, f] k W k = W\ thenfor all xin W u a^x) = lim^oo //(*). 

(a) Suppose int(^oo) = 0. Let B\ = W\. For every x in B\ choose a section 
rj x , such that r\ x {x) = /ioo(x); by the continuity of J 21 in the sheaf of 
structures, the set B k = p((r] x , fj, k ) n (d^)~ l [0, k~ 1 )) for k > 2 is an open 
neighborhood of x. Consider f] k€uJ B k . It is clear that this set is not empty 
and that int(f\ 6w Bk) = 0, as we assumed that int(^oo) = 0. Since the 
base space is regular, there exists a local basis on x consisting of regular 
open sets. We can define a family {B k } of open regular sets so that 

. B\ :=B 1 

• B k cB k 

• B k+l C B k 

• x G B k 

Let Ci := B\ = W\. For all k > 2, define C k +\ cQfl B k+l with the 
condition that C k+ \ is a regular open set and let V k C C k \ C k+ \ be some 
regular open set such that 

v k n C k \ C k+l \ M(C k \ Q+i) = 0, 

(if Ck+i C C k , this is possible by Lemma 2.8; if C k+ \ = C k let Vk = 0) - 
i.e., the closure of V k does not contain any point in the boundary of C k \C k+ \ 
( Use Lemma 2.8 and the fact that X is regular). Then f] keuj C k D {x}. 
Now, if necessary, we renumber the family V k so that all the empty choices 
of V k are removed from this listing. Let F = T 0( id '■= U£i V2k—\ an d 
observe that this is an open regular set: 

r = |J v»_i = U^IT 

kdu 

int(r) = int(|J V£~I) = |J int(T^IT) = T. 

kduj kdu) 

For the first equality observe that if z G [j k&U} Vafc-i then z 6 V2/-1 
for only one I since V„ n V m = for m 7^ n. In the second line, if 
z G int(U feu; V^-i) » then every open set containing z is a subset of 
Uitguj ^2*- 1 an d again since V n n V,,, = for m 7^ « , there exists at least 
an open neighborhood that is a proper subset of a unique V21-1 ■ 
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If T is an element of F, then we can define the section <Joo in the open 
regular set T by Coo \ V2&-1 := /x 2i_1 \ Vat-i. This is a limit section of 
the original Cauchy sequence. 

Now, consider the family G of all Ts that can be defined as above for 
the same element x in W\ and for the same family {C k }. G is partially 
ordered by inclusion. Consider a chain {Ft} in G. Observe that (Ji^; is 
an upper bound for this and that [j i T, is regular, since 

\jTi C (Jint(c 2i -i \C 2! ) 

C21-1 \ c 2( - n c 2 ;+i \ c 2i - +2 = 

Thus, by Zorn Lemma there is a maximal element T max . This intersects 
every element in the ultrafilter and therefore is an element of the same. 
Otherwise we would be able to construct f max D F max . Suppose that there 
exists A € F such that F max n A = , then we could repeat the above 
arguments taking an element x' in W[ := A n f 1 = A fl C\, finding 
T C W[ with F' n F max = 0. Take f max = V\J T max . 

(b) If int(yLioo) / 0, then U = piintdj,^)) is an open subset of W\. Observe 
that W\ \ U is an open set that contains all possible points of discontinuity 
of floe . If some regular open set V C U is an element of the ultrafilter, 
then \ V is a limit section. If that is not the case, V = int(X \ U) is in 
the ultrafilter and V n W\ is an open regular set where ^ is discontinuous 
at every point. Proceed as in case la. 

(2) If there exists Af such that for all m > N Wn = W m , we rephrase the arguments 
used in la, this time defining <Too in a subset of Wn- Also, if f\ew ^ s °P en 
and nonempty, we follow the same arguments as in lb. 

(3) If for all k W k+l + W k and int(f] keul W k )^%, let W[ = mt(f] keul W k ) and use 
the same line of argument as in cases la and lb. 

(4) If int((\ 6a , Wk) = 0, for all k such that W k \ W k +\ + define on some 
open regular set V k C int(Wjt \ W k+ i) so that \ V k = /j, k \ V k . Then, is 
defined in [j keuJ V k , and repeat the line of argument used in case la. 

Note that for all // 

• If o"oo(x) = n k+n {x), then d x (aoo(x), //(x)) < k~ { for x in the common domain. 

• If CooCx) = lim„ 6a; fi n (x), then there exists suchthatfor m > N dxia^ix), [i m {x)) < 
k~ l and taking m > k, by the triangle inequality G? t (<7oo(x), fx (x)) < 2k~ l . 
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This shows that 

sup dxio-ooix), fi\x)) < 2(k - l)" 1 
x<=w k n\J v n 

and then is a limit section. Finally, check that p o a°° = Iddom(a x ) ■ □ 

Before studying the semantics of the quotient space of a generic filter, we define the 
relation hy of local forcing in an open set U for a sheaf of metric structures. The 
definition is intended to make the following statements about local and point forcing 
valid 

21 Ihy <t>{a) <e Vx € U 21 Ih* (p(a) < 5 and 
21 Ihy 4>(a) >5 ^ Vx € U 21 Ih* 0(a) > e, 

for some 5 < e. This is possible as a consequence of the truth continuity lemma. 

Definition 2.10 (Local forcing for Metric Structures) Let 21 be a Sheaf of metric 
structures defined in X, e a positive real number, U an open set in X, and o\ , . . . , a n 
sections defined in U. If <j> is an T- restricted formula the relations 21 Ihy 0(c) < e 
and 21 Ihy 0(d) > e are defined by the following statements 

Atomic formulas 

• 21 Ihy d(ai,a 2 ) < £ <^=^ sup xeU d x (ai(x), a 2 (x)) < e 

• 21 Ihy d(ai,a 2 ) > e <S=^ mf xeU d x (ai(x), a 2 (x)) > e. 

• 21 Ihy R(a u . . . , a n ) < e <^ sup xeU R**(<ri(x), a n {x)) < e 

• 21 Ihy R(a t , . . . , a„) > e ^=> M xeU R^(ai(x), a n (x)) > e 

Logical connectives 

• 21 hy max(0, tp) < e -4=>- 21 Ihy < e and 21 Ihiy ip < e 

• 21 hy max(0, tp) > e -4=>- There exist open sets V and W such that VUW = U 

and 21 Ihy > e and 21 \\~w ip > £ 

• 21 hy mm(4>, ip) < e -4=>- There exist open sets V and W such that VU W = U 

and 21 Ihy < e and 21 lh w V < e 

• 21 Ihy min(0, */>)<£ <S=>- 21 Ihy < e and 21 Ihy tp < e 

• 21 Ihy 1-V> < e air-!/ V > 1-e 

• 21 Ihy > e <^> 21 Ihy V < 1-e 
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• 21 II- j/ 0— ^ < £ <^=^ One of the following holds 

i) 21 Ihf/ < V 

ii) 21 JKu </>< V and 21 Ihf/ > V 

hi) 21 Ihf/ 4> > and 21 1 hp < V + e 

• 2llh {/ ^-V'>e 21 Ihf/ > ^ + e 
Quantifiers 

• 21 Ihf/ inf CT 4>{(t) < e <J=^ there exist an open covering { [/,} of U and a family 
of section each one defined in (7, such that 21 Ihf/, </>(//;) < e for all i 

• 21 Ihf/ infer 0(er) > e <J=^ there exist e' such that < e < e' and an open 
covering {!/;} of (7 such that for every section /x; defined in (7, 21 Ihj/. > e' 

• 21 Ihf/ sup^ 4>{a) < e <J=^ there exist e' such that < e' < e and an open 
covering {(7,} of U such that for every section fij defined in (7; 21 Ihf/,. </>(//,) < e' 

• 21 Ihf/ sup^ > e <^=^> there exist an open covering {(7,} of (7 and a 
family of section //; each one defined in (7,- such that 21 Ihf/, > e for all / 

Observe that the definition of local forcing leads to the equivalences 

21 Ihf/ inf (1-0(0-)) > l-e 21 Ihf/ sup^(o-) < s, 

21 Ihf/ inf(0(o-)) < e 21 Ihf/ sup(l-0(o-)) > l-e. 

CT a 

The fact that we can obtain a similar statement to the Maximum Principle of [2] is even 
more important. 

Theorem 2.11 (Maximum Principle for Metric structures) If 21 Ihf/ inf^ (f>(a) < e 
then there exists a section fi defined in an open set W dense in U such that 21 Ihf/ 
4>(/j,) < e' , for some e' < e . 

Proof That 21 Ihf/ inf CT <j)(a) < e is equivalent to the existence of an open covering 
{[/,} and a family of sections {/i,} such that 21 Ihf/, tpQii) < e' for some e' < e. The 
family of sections S = dom( / u) C U and 21 \\-dom(mu) fiif 1 ) < £ '} is nonempty 
and is partially ordered by inclusion. Consider the maximal element [i* of a chain of 
sections in S . Then dom(p*) is dense in U and 21 lhd m(/j.*) < e'. □ 
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3 The Metric Generic Model and its theory 

In certain cases, the quotient space of the metric sheaf can be the universe of a metric 
structure in the same language as each of the fibers. We examine in this section one 
such case (sheaves of metric structures over regular topological spaces, and generic for 
filter of regular open sets. We do not claim that this is the optimal situation - however, 
we provide a proof of a version of a Generic Model Theorem for these Metric Generic 
models. 

Definition 3.1 (Metric Generic Model) Let 21 = (X,p,E) be a sheaf of metric 
structures defined on a regular topological space X and F an ultrafilter of regular open 
sets in the topology of X. We define the Metric Generic Model 2t[F] by 

2l[F] = {M/^ F |dom(a) G ¥}, 

provided with the metric dp defined above, and with 

• 

/ a[F] ([<Xl]/~ F , • • • , [*«]/-,) = [fVl, • • • ,<Tn)]/~ F 

with modulus of uniform continuity A^ [F] = inf xe x A^ A . 

R m \Wi]/~ ¥ , K] A F ) = inf su P R x {ai(x), <r n (x)) 

uev ai ... an xeU 

with modulus of uniform continuity A^ [F] = inf x6 x A^ A . 

c* m = MA, 

Observe that the properties of df and the fact that Z? 21 is continuous ensure that the 
Metric Generic Model is well defined as a metric structure. Special attention should 
be paid to the uniform continuity of Z? 21 ^] . We prove this next: 

Proof It is enough to show this for an unary relation. First, suppose df([a], [//]) < 
mf xex Af r (e),then 

inf sup d x (a(x), u(x)) < inf Ap x (e) 
u&f^^^u xex 

which implies that there exists V G ¥ afl such that 

supd x (a(x),n(x)) < inf Af(e), 
xev xex 
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and by the uniform continuity of each 



sup \R(a(x)) - R(j4pc))\ < e. 
xev 



We now state that 



inf sup R(a(x)) — inf sup R(a(x)) 

u& a xeu u&ij, x£ u 



<sup\R(a(x))-R(fi(x))\. 

xev 



First consider /? a[F] ([<r]/~ F ) > R* m ([fJ>]/~w) 



< sup/^x))-/? 2 ™^]/^-) 

xev 

Now, for all 5 > there exists W 6 such that 

sup/?(/i(x)) < inf sup R(fi(x)) + 5 

xew y eF M _ vg{ 7 

and indeed the same is true for V' = V D W G F CTM . Therefore 

|* am ([<r]/~F) - /? am ([/x]/~ F )| < sup R(a(x)) - sup RQjfr)) + 6, 

xev xev 

where we have substituted V by V' in the first term since V' C V, and we can apply 
the same arguments to it. Also, since 5 is arbitrary 

\R m \[<r]/~w) ~ R m] m/~v)\ < sup R(a(x)) - sup /?(//(*)) 

< SUp (tf (<7(X)) - «(^(X))) 



< 



sup (/?(<t(x)) - RQMd)) 

xev 



< sup \R(a(x)) - R(n(x))\ < e 

xeV 

In the case of R* m ([a]/^ ¥ ) < R m] ([/J,]/~w) similar arguments hold. 



□ 



At this point the reader may find that part of the "generality" of the so called generic 
model is lost. This is indeed true and it is a consequence of the additional conditions 
that we have imposed on the topology of the base space (regularity) and on the ultrafilter 
to obtain a Cauchy complete metric space. However, we still refer to this model as 
generic to stress its resemblance to Caicedo's notion of generic model[2]. 
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We can now present the Generic Model Theorem (GMT) for metric structures. This 
provides a nice way to describe the theory of the metric generic model by means of the 
forcing relation and topological properties of the sheaf of metric structures. 

Theorem 3.2 (Metric Generic Model Theorem) Let F he an ultrafilter of regular 
open sets on a regular topological space X and 21 a sheaf of metric structures on X. 
Then 

(1) 

2t[F] |= 0(M/~f) < e <^ 3U G F such that 21 \\- v (f>(a) < e 

(2) 

2l[F] |= <K[(t]/~f) > £ 31/ G F such that 21 \\~u (f>(a) > e 



Proof Atomic formulas 

• 2l[F] |= rfF([o-i]/~F, I>2]/~f) < £ iff infc/gF CT1CT2 sup^^^^iW, cr 2 (*)) < e. 
This is equivalent to saying that there exists U G F CTl(T2 such that 

supd x (ai(x),a 2 (x)) < e. 

xeu 

Further, by definition, that it is equivalent to 21 \\~u <2(<7i, 02) < e. 

• For 2t[F] |= R([ai]/~w, ■ ■ ■ , [c«]/~f) the same arguments as before apply. 

• 2t[F] |= dF([o"i]/~F, [ct2]/~f) > e iff infj/eF CTl<72 sup xG[/ (i x (cji(x), cr 2 (x)) > e. 

{ (^)Let inf c/eF(Ti(72 sup xef/< i x (cri(x),cr2(x)) = r and e' = (r + e)/2. Then, 
the set V = p((<7i, c^nd 21 0]) is nonempty and intersects every open 
set in F. If V ^ F, consider X \ V. That set is not an element of F since 
dom(cri) n dom(cr2) n X \ V would also be in F with d x (a\(x), 02 Ot)) < e' 
for all x in it. Therefore int(V) n dom(cri) n dom(d2) G F and for every 
element in this set d x (a\(x), cr 2 (;c)) > e', which implies that there exists 
U' G F such that mf xe u> d x (a\(x), o~2(x)) > e' > e. 

{ (<=) If 21 Ihy d(a\,a2) > £ for some V G F CTlCT2 , then V intersects any 
open set in the generic filter and for any element in V, d x (a\(x), 02(x)) > r 
where r = mf xe yd x (ai(x), o^OO)- Thus, for all U G F, 



and therefore 



sup<i x (cri(x),o- 2 (x)) > r 



inf sup 4(cri(x), cr 2 (x)) > r > e. 

ueF„ ia2 xeU 
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• Similar statements to those claimed above show the case of 2l[F] |= R([ai]/~w, ■ ■ ■ , [c«]/~f) > 
e. 

Logical connectives 

• For the connectives 1 — , min and max, it follows by simple induction in each 
case. We only show the proof for one of these connectives. 

2l[F] \=v^{<K[<tiV~t)Mo*\/~f)) <e 

2l[F] |= <K[(ti]/~f) < £ or 2l[F] |= ^([<7 2 ]/~f) 
4^ gi/j e F 21 \\- Vl <f)(ai) < e or 3U 2 G F 21 Ih^ Y>(<7 2 ) < e 
3t/ G F such that 21 \\- v min(</>(<7i), i>(a 2 )) < e. 

• If 2l[F] |= 4>([cr\\/ V , ([ <7 2]/~f) < £ we analyze this by cases 

{ if 2l[F] |= 0([<7l]/„ F ) < ^([<7 2 ]/~ F ) 

3r such that 2l[F] |= #[<7i]/„ F ) < r and 2l[F] |= ^([<t 2 ]/~f) > r 
4^ 3r such that 3t/i 21 Ihy, 0(ai) < r and 3i7 2 21 Ih^ ^(^2) > r 
3U 21 Ihy 0(cri)< ^(ct 2 ) 
{ If 2l[F] V <K[<ti1/~f) < ^([<7 2 ]/~f) and 2l[F] ^([cn]/^) > ^([<7 2 ]/~f) 

VI/ 21 ¥u <\>{px) < iP(a 2 ) and ^U%¥ v cf>(ai) > ip(a 2 ) 
{ 21 |= <K[<riV~r) > ^([<t 2 ]/~f) and 21 |= #[<7i]/„ F ) < ^(fo]/~F) + £• 
3Ui G F 21 Ihy, </>(cri) > V(o- 2 ) and 

3t/ 2 G F 21 U-u 2 <K[<ti]/~f) < ^([<72]/~f) + £■ 

Quantifiers 



2l[F]|= inf ^[<7i]/~F)<e 

[o"i]/^F 

3[<7i]/^ F such that 2l[F] |= #[<7i]/„ F ) < £ 
3C/i G F 3ai such that 21 h Vl (f>(ai) < e 
=4> 3U G F such that 21 Ihy inf 0(cr) < e 

For the other direction suppose that there exists U G F such that 21 \\~u 
M a (j)(a) < e. Then the family 1 £ = {U G F|2l Ihy inf a <j)(a) < e} is 
nonempty and can be partially ordered by the binary relation -< defined by: 
U -< V if and only if U D V. Consider the maximal element U' of a chain de- 
fined in 1 £ . Then there exists a covering {Vi} of U' all whose elements are basic 
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open sets of class C, and a family of sections {fit}, such that 21 Ihy. < e. 
If any V; € F then V, = U' . Otherwise it will contradict the maximality of U' . 
Also, if int(X\ V,-) € F then 21 H~i n t(x\v,)nf/' m fff ^(cO < £ hi contradiction to the 
maximality of U' . We conclude that there exists \i such that 21 Ihy/ <^(/i) < e. 

2l[F] |= sup #[<7i]/~F) < e 

[c,]/ 

<=> V[<t;]/„ f 2l[F] |= #[<j,]/„ f ) < e 

€ F such that 21 Ihy, 0(<r { ) < e 

(=>•) We prove this by contradiction. Suppose there exists V in F such that for 
some o~{ 21 Ihy (f)(ai) > e, then Vn £/; is also in F and in this set 0(<t,-) < e and 

> e are forced simultaneously 
(<=) Suppose that there exists U G F such that 21 Ihy sup CT (f>(a) < e. Then the 
family S £ = {U £ F|2t Ihy sup CT <^(cr) < e} is nonempty. The proof follows by 
similar arguments to those used in the case of inf[ CT .]/ F 0([<t;]/~if) < e above. 

□ 



We now stress that the Metric Generic Model Theorem (GMT) has distinct but strong 
connections with the Classical Theorem (see [2, 7]). In the case of the Metric GMT, 
we can observe similarities in the forcing definitions if we consider the parallelism 
between the minimum function and the disjunction, the maximum function and the 
conjunction, the infimum and the existential quantifier. On the other hand, differences 
are evident if we compare the supremum with the universal quantifier. The reason 
for this is that in this case the sentence 1— (1— </>), which is our analog for the double 
negation in continuous logic, is equivalent to the sentence <p. Note that the point and 
local forcing definitions are consistent with this fact - i.e., 

21 Ihy l-(l-0) < e ^=> 21 Ihy (f>< e, 
21 Ihy l-(l-0) > e 21 Ihy > e. 

As another consequence, the metric version of the GMT does not require an analog 
definition to the Godel translation. 

We close this section by introducing a simple example that illustrates some of the 
elements just described. We study the metric sheaf for the continuous cyclic flow in a 
torus. 
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Let X = S , E = S x 5 and p = tt\ , be the projection function onto the first 
component. Then, we have E q = S l . Given a set of local coordinates x, in S; and a 
smooth vector field V on E, such that 



we can take as the set of sections the family of integrable curves of V. The open 
sets of the sheaf can be described as local streams through E. Complex multiplication 
in every fiber is continuously extended to a function between integral curves. Every 
section can be extended to a global section. 

Let us study the metric generic model of this sheaf. Note that X is a topological regular 
space and that it admits an ultrafilter F of regular open sets. First, observe that 2l[F] 
is a proper subset of the set of local integrable curves. In fact, every element in 2l[F] 
can be described as the equivalence class of a global section in E: For any element 
[a] G 2l[F], U = dom(a) G F, and there exists a global integral curve p in E such 
that p^(a,p) = 0. This result leads to the conclusion that every ultrafilter filter of 
open sets in S l generates the same universe for 2l[F] . Observe that every fiber can be 
made a metric structure with a metric given by the length of the shortest path joining 
two points. This, of course, is a Cauchy complete and bounded metric space. Dividing 
the distance function by ir, we may redefine this to make d(x,y) < 1, for x and y in 
S l . Therefore, this manifold is also a metric sheaf. In addition, observe that complex 
multiplication in S l extends to the sheaf as a uniformly continuous function in the set 
of sections. For any element [a] G 2l[F] , let U = dom(a) G F and p be the global 
integral curve that extends a. Thus, for arbitrary e > 

21 \\- v d\a, n)<e and as a consequence 2l[F] |= d m \[a], [fi]) = 0. 

In addition, the metric generic model satisfies the condition that the multiplication 
between sections be left continuous. Let t] and p be sections whose domain is an 
element of the ultrafilter. For any e < 1/2, if 

21 ll"dom(»;)ndom(/i) d(r), /J,) < 8 

then for any other section a defined in an element of F, it is true that in V = 
dom(r/) n dom(fi) n dom(d) 

21 Ihy d(7](J, /id) < £ 



V=V X 



d_ 



+ V 2 



d_ 

8X2 



Vi(p)^0 V/>GS\ 



and also 



21 Ihy 1 — max(<i(r/, p), \—d{qa, pa)) < e. 
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By the metric GMT, we can conclude that 

2t[F] |= l-max(rf a[F] ([77], MX l^WM, MM)) < e 
and since cr, 77 and /i were chosen arbitrarily. 

2l[F] |= supsupsup[l-max(d a[F] ([77], [//]), l-J([r/][a], MM))] < e. 

O" ^ M 

Right continuity, left invariance and right invariance of this metric can be expressed in 
the same fashion. 

4 Further directions 

Our theorem and constructions open up a new line of research with many questions, 
mainly of two kinds: applications and model theory. 

4.1 Applications 

Besides our simple example, we expect there to be applications to further dynamical 
systems obtained as sheaves of metric structures, where the dynamics is provided by 
the behavior of (some carefully chosen) sections. More specifically, we expect that 
our results will be useful for various constructions of sheaves over topological spaces 
naturally associated to actions of compact groups over certain varieties - among other 
variations. Additionally, the first author is currently working in setting up applications 
to classical mechanics and possibly quantization. Other possible applications include 
Zilber's Structural Approximation (see [17]). 

4.2 Model Theory 

The Model Theoretic analysis of the new objects constructed here (the metric generic 
model in section 3 and the sheaf of metric structures itself) has so far been analyzed 
from a model theoretic perspective only up to the consequences of the Generic Model 
Theorem (this is also true of the work done in the case of sheaves with discrete First 
Order fibers). In particular, the stability theory of sheaves, the construction of "elemen- 
tary" extensions of these, of sheaf theoretical versions of typespaces (typesheaves?) 
is quite undeveloped so far (exceptions include the work of Montoya [11] in some 
specific cases). 
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Additionally, extensions of this work to topological structures (fibers with topological 
spaces, built in the framework of Flum and Ziegler [6]) have been explored and will 
appear in forthcoming work of the two authors. Further lines of research (sheaves 
with fibers that are more general than metric or different from topologic in the style of 
Flum and Ziegler - for instance, fibers that are measure algebras, etc.) are yet to be 
explored. Finally, the connections to the Model Theory of Metric Abstract Elementary 
Classes (see [9] and [16]) and in particular to topological dynamical perspectives on 
typespaces, will provide relevant directions when combined with our metric sheaves. 
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